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1.

stepped pressure equilibrium code : maOlaf

Constructs matrix that represents the Beltrami linear system.

0.1.1 gauge and coordinates

1.

The helicity integral, f A - Bdv, depends explicity on the vector potential. The gauge must be constrained and the
boundary conditions enforced.

. The coordinates, (s, 0, (), are adapted to the interfaces, so that the interfaces coincide with coordinate surfaces s = const.

and 0,( are poloidal and toroidal angles. Here the angles remaing arbitrary.
The treatment of the coordinate singularity (described below) depends on the radial coordinate.

(a) If Lradial.eq.1, the radial coordinate is proportional to the polar radial coordinate, s & r o< /t;.
(b) If Lradial.eq.2, the radial coordinate is proportional to the toroidal flux, s ~ r% o< 9.

4. In each volume, a regular, radial-sub-grid, s;; = ss(1)%s (1), for ¢ = 0, Ni, is established, see al00aa.

0.1.2 annular volume - gauge

1.

0.1.3
1.

In the I-th annulus, bounded by the (I — 1)-th and I-th interfaces, a general covariant representation of the magnetic
vector-potential is written

A= ANVs+ AgVO+ AV, (1)
To this add Vg(s, 6, (), where g satisfies
059(5,0,¢) = —As(5,0,0), og(si-1,0,¢) = —Ag(s1-1,0,C) + ri-1, 0cg(s1-1,0,¢) = —Ac(s1-1,0,¢) + Ppi-1, (2)

for arloitrary constants ¢ ;—1, ¥p -1, which are the toroidal and poloidal-fluxes on the interior of surface [ —1. Then
A=A +Vgisgiven by A = AyV0 + A V( with

Ag(51-1,0,C) = Yri—1, Ac(51-1,0,¢) = p 1. (3)

This specifies the gauge.

. The magnetic field is \/gB = (9pA¢ — Oc Ag)es — s Aceg + Os Agec.

B? = B°B°g,, +2B°B’g. + 2B°B g, + B’ B ggs + 2B° B ggc + B Bgcc (4)
\/EA -B = —AgasAC + A@SA@. (5)

. For stellarator symmetric equilibria, A9 and A¢ may be represented by cosine series

(s,0,¢) = ZAQJ cos(m;0 —n;(), Ac(s,0,¢) = ZACJ cos(m;6 — n;(), (6)

where Ay ;(s) and A¢ ;(s) are represented using finite-elements, as described below.

interface boundary condition

The condition that the field is tangential to the inner interface is
—mjAc j(s1-1) —njAg j(s1-1) = 0. o

Combing the gauge constraints and the flux surface condition we have

- ) j = ]‘7 - b ] = 17
A@,j(sl—l) _{ 'l/}t,(l) 1 .';,> 1 and AC,j(Sl—l) _{ "/}pg 1 §_> 1 (8)



2. The condition that the field is tangential to the outer interface is similar to Eq.(7), but it cannot be simplified further and

so at the outer interface we must constrain the vector potential to be of the form

Ap(s1) = 00f(0,¢), Ac(s1) =0cf(0,0),

for arbitrary f of the form

f=pr0+bpiC+ > figsin(m0 —n;C)
J

and ¥y = Ag1(s;) and ¢¥p; = Ac1(s1). We have

¢tl ) .7 = 17 ¢ ! ’ J - 1’
Ap (s7) = , g and Aci(s)) = » :
0,]( l) { mjfle . j> 1, C»J( l) _njfl,j , ] > 1,

0.1.4 finite element radial basis functions

1. In the region s € [s,_1, s;], the vector potential is A = AgV8 + A V( where

Ap(s,0,¢) = Z Ag ji—111p Prp(s) cos(m;f —n (),

J\lp

Ac(svavc) = Z AC,j,i*l‘H,p QDLp(S) COS(mja - n]C)v

J\l.p

where j labels the Fourier harmonic, and [ = 0,1 and p identify the radial basis functions, ¢ ,(s).

2. Near the coordinate singularity (described in more detail below) this representation needs to be modified.

0.1.5 metric information

1. The geometric information required in the following is
gss = gss/\/g = ngs,i(s) cos(mlﬂ - n2<)7
gSG = gs&/\/g = Z§39,i(5) bln(m70 - nvC)a
Gs¢ = 9s¢/VI =Y, Gac.ils) sin(mif — n,Q),
i
Goo = goo/ /G = Y _ Goo.i(s) cos(mif) — n;C),
Goc = oc/VG =Y Goc.i(s) cos(mif — n; ),

gec = 9cc/V9 = Z?cc,i(S) cos(m;f — n;().

2. For any function f(s,#,(), in particular the metrics, we write

(si101) = FP0dC sin(m;6 — ni0) £(5,6,0) sinmd — )
(silflex) = Ffdbac sinm® —n;C) (5,6.0) costmut — nsC)
(ej1fler) = FPdodC costmsb — ni¢) 1(5,6.) cos(ms — nac)

Note that the second of these is not symmetric with respect to j and k.

(11)

(12)

(13)



0.1.6 volume integral

1. Consider the integral P = vazl P;, where
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0.1.7 derivatives of volume integral — annular regions

1. The first derivatives are as follows:
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2. The second derivatives are required for construction of the Beltrami matrix, which are given
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0.1.8 matrix elements — annular regions

1. The required matrix elements take the form, where o = 6,{ and =6, (,

7] 0 7] 0

P = P;
0Ag ki-1,4 O0Aajip 0Agki-1,4 OAajip
J d J d B, 0
P = P+ Py (27)
0AB k,iq 0Aq jip 0AB ki 0Aajip 0AB k.iq 0Aq jip
d J P B J P
- 7+1
0Agkit1,q OAajip 0Apkitrq OAajip

0.1.9 gauge and regularity conditions near coordinate origin

1. Near the polar coordinate origin, where the polar coordinates satisfy x = r cosf, y = rsin 0, we may exploit the regularity
constraints and gauge freedom ! to write A = 4,V + A, V( where

Ag = Y g™t cos(myf — (), (28)
7j=1p=0

A = Z Z b pr™ O cos(m;0 — n;C), (29)
7j=1p=0

where the a;, and b;, are degrees of freedom, except b; 9 = 0 if m; = 0.

2. Note that the coordinate origin is not required to coincide with the magnetic axis (the location of which is as yet not
known apriori),

3. Note that the location of the coordinate axis is determined by ex00aa.

4. The factors s™i*2 and s™ 10 can become very small and cause finite-precision errors unless treated carefully. Thus, the
discretization Eq.(12) and Eq.(13) are modified (in the entire innermost volume) and we write

Ag(5,0,0) =D s™% Agji141p rp(s) cos(m;d —n Q) (30)
Jbp

Ac(5,0,0) =D 8™ Acji1y1p rp(s) cos(m;d —n Q) (31)
Jibp

1This was done using Mathematica, and further details will be provided on demand.



with the coordinate origin boundary condition
Ag j0,0 =0 for all j;
A¢ jo0,0 =0 for m; =0.
5. Note that we have restricted attention to the case s = r? o 9/, i.e. Lradial.eq.2.

6. The second derivatives required are then
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7. The outer interface boundary condition, Eq.(11), becomes for j > 1,
Agjno=m;ifi/p"™, and  Acjno=—n;f;/p™
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